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Abstract.
TianQin is a space-based laser interferometric gravitational wave detector aimed at detecting
gravitational waves at low frequencies (0.1 mHz – 1 Hz). It is formed by three identical drag-
free spacecrafts in an equilateral triangular constellation orbiting around the Earth. The distance
between each pair of spacecrafts is approximately 1.7×105 km. The spacecrafts are interconnected
by infrared laser beams forming up to three Michelson-type interferometers. The detailed mission
design and the study of science objectives for the TianQin project depend crucially on the orbit
and the response of the detector. In this paper, we provide the analytic expressions for the
coordinates of the orbit for each spacecraft in the heliocentric-ecliptic coordinate system to the
leading orders. This enables a sufficiently accurate study of science objectives and data analysis,
and serves as a first step to further orbit design and optimization. We calculate the response of
a single Michelson detector to plane gravitational waves in arbitrary waveform which is valid in
the full range of the sensitive frequencies. It is then used to generate the more realistic sensitivity
curve of TianQin. We apply this model on a reference white-dwarf binary as a proof of principle.
Keywords: gravitational waves, space-borne detector, TianQin
1. Introduction
The first direct detection of gravitational waves (GWs) from a pair of stellar-mass
black holes (GW150914) has been made by the two advanced detectors of the Laser
Interferometer Gravitational-Wave Observatory (LIGO) [1]. This event opens the era
of observational GW astronomy. Subsequently, several more GW events of stellar-mass
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black hole binaries have been detected [2, 3, 4, 5]. The first detection of GWs from
a pair of neutron stars associated with a gamma-ray burst (GW170817/GRB170817A)
[6] has been made jointly by advanced LIGO and advanced Virgo [7] which marks a
major breakthrough of the multi-messenger astronomy. In the future, KAGRA [8] and
LIGO-India [9] will also join in the ground-based detector network. Developments for
the upgraded ground-based detectors, namely Advanced LIGO plus [10, 11] and LIGO
Voyager, as well as the next generation detectors, such as Einstein Telescope [12] and
Cosmic Explorer [13], have already been initiated.
Lower frequency windows for the GW astronomy are awaiting to be opened. Pulsar
timing array (PTA), as a promising experiment sensitive to the very low frequency
(10−9 − 10−6 Hz) GWs, has been continuously improving its sensitivity for stochastic
background produced by the incoherent superposition of GWs from a large ensemble
of supermassive black hole binaries [14, 15, 16] and continuous waves from resolvable
individual sources [17, 18, 19]. Prospects for GW astronomy with next generation large-
scale PTAs based on FAST [20] and SKA [21] have been investigated [22].
Due to seismic noise and gravity gradient noise, it is very difficult to detect GWs
with frequency lower than ∼ 10 Hz by the ground-based detectors. It is a natural choice
to deploy the laser interferometers in space [23]. There have been long-term studies and
plots for the space-borne detectors to explore the low frequency regime (0.1 mHz – 1 Hz),
where there is a very rich source of GWs [24]. LISA/eLISA [25, 26] is the most well
studied one, especially with the successful demonstration of gravity reference system
and space laser interferometry by the LISA Pathfinder [27]. The other space laser
interferometric detectors, such as TianQin [28], DECIGO [29], g-LISA/GEOGRAWI
[30, 31], ASTROD-GW [32, 33], TAIJI (ALIA descoped) [34], BBO [35, 36], OMEGA
[37] and LAGRANE [38], are currently under various stages of research and development.
A thorough overview of space-borne GW detectors can be found in [39].
During the initial study phase of the TianQin project, not all issues/complexities
pertinent to the detector are fully recognized or anticipated. Work is now in progress
to build prototype and end-to-end model to bring most of the issues into surface in
order to avoid possible mistakes in the full development. The end-to-end model will
utilize realistic simulations based on the feasible technologies to study the impact of
different subsystems of the detector on the final high-precision measurements [40]. In
principle, the elements of an end-to-end model will include the orbit of the spacecrafts
[41], interplanetary and relativistic effects [42] on the optical links, various noises in
a comprehensive noise budget, and the implementation of time delay interferometry
(TDI) to reduce the laser phase noise and optical bench noise [43]. This model will aid
in the design and optimization of the TianQin detector, so that it can meet the science
requirements as launched.
The current work, as our first step toward building the end-to-end model, is to
provide the mathematical formalism to represent the coordinates of the fiducial orbit
for the TianQin’s spacecraft. In the preliminary proposal [28], the TianQin detector is
composed of three drag-free spacecrafts in an equilateral triangular constellation orbiting
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around the Earth (see Fig. 1). The guiding center of the constellation coincides with
the geocenter. The geocentric distance of each spacecraft is 1.0× 105 km, which makes
the distance between each pair of spacecrafts be 1.7× 105 km. The period of the nearly
circular Keplerian orbit of the spacecraft around the Earth is approximately 3.65 day.
The spacecrafts are interconnected by infrared laser beams and form up to three (not
independent) Michelson-type interferometers. The normal of the detector plane formed
by the constellation points toward the tentative reference source RX J0806.3+1527 (also
known as HM Cancri or HM Cnc), which is a candidate ultracompact white-dwarf binary
in the Galaxy [44].
The time-varying spacecraft coordinates will be subsequently used in the forward
modeling of the detector’s response to the incident GWs. The calculation will be realized
by the science data simulator module (e.g., LISACode [45] for LISA) in the end-to-end
model, which is essentially used to convert the tensor GW perturbation to the scalar
strain measurable by the detector. Noise components can also be added here. This
simulator is crucial for studying the science objectives that can be enabled by TianQin
[46] and testing the science data analysis techniques and pipelines of various GW sources.
The response of a space-based laser interferometer to GWs is not a straightforward
extension of its ground-based counterparts. For the latter, geodesic deviation is used to
calculate the proper distance change between two test masses. This treatment is valid
only when the detector arm length L is shorter than the reduced wavelength of the
passing GWs (i.e., under long-wavelength or low-frequency approximation) [47]. The
critical wavelength corresponds to the so-called transfer frequency f∗ = c/(2piL). The
sensitive GW frequency band is far below f∗ for the ground-based detectors, but not
for the space-based detectors. For frequencies higher than f∗ (≈ 0.28 Hz for TianQin),
the GW effect starts to cancel itself which in turn deteriorates the detector response.
To obtain the time-varying detector response that is applicable in the whole frequency
band, in principle one needs to integrate along the null geodesics of the photon that
connect free-fall test masses [48]. However, this approach is computationally expensive.
Instead, we adopt the rigid adiabatic approximation of the full response which is proven
to have the high fidelity that meets the requirements of our subsequent work while
significantly reduces the computational cost [49].
The rest of the paper is organized as follows. In Section 2, we present the
coordinates for the orbit of TianQin’s spacecraft, which are then used in the calculation
of the detector response to gravitational waves and detector’s sensitivity curve in
Section 3. An example signal from the reference white-dwarf binary is given in Section 4.
We conclude the main part of the paper in Section 5. Some calculation details have been
relegated to the Appendix in order to allow the main ideas of the paper to be as clear
as possible.
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Figure 1. Schematic of the TianQin spacecraft orbit in the heliocentric-ecliptic coordinate
system. The ecliptic plane is spanned by x and y axes. x axis points toward the direction
of the vernal equinox. β is the longitude of the perihelion. φs and θs are the longitude and
latitude of the reference source RX J0806.3+1527, in which direction the normal of the detector
plane formed by the three spacecrafts is placed. α is the longitude of the guiding center of the
spacecraft constellation. rn(t) and r
′
n
(t) are the position vectors of the n-th spacecraft relative
to the heliocenter and the guiding center, respectively. R(t) is the position vector of the guiding
center measured from the heliocenter.
2. Spacecraft Orbit
For a long-term space mission, it is natural to represent the coordinates of the spacecraft
orbit in the heliocentric-ecliptic coordinate system shown in Fig. 1. The center of
the coordinate system locates at the solar system heliocenter, the x axis points in the
direction of the vernal equinox, the z axis is parallel to the normal of the ecliptic plane,
and the y axis is placed in the ecliptic plane to complete the right-handed coordinate
system. The position vector of the spacecraft rn(t) can be decomposed into the position
vector relative to the guiding center r′n(t) and the position vector of the guiding center
relative to the heliocenter R(t) as follows
rn(t) = r
′
n(t) +R(t) + εn(t) , (1)
where n ∈ {1, 2, 3} is the index of the spacecraft. r′n(t) = (x′n(t), y′n(t), z′n(t)) and
R(t) = (X(t), Y (t), Z(t)) trace the nearly circular Keplerian orbit around the Earth
and the Sun, respectively. εn(t) is the correction to the Keplerian orbits which takes
into account of the perturbations from high order moments of the Earth, the Sun, the
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moon, planets (mostly Jupiter), large asteroids, etc. We give the components of the
n-th spacecraft’s position vector rn(t) = (xn(t), yn(t), zn(t)) as a function of time in the
heliocentric-ecliptic coordinate system below. The detailed derivation is relegated to
Appendix A.
xn(t) = R1
(
cosφs sin θs sin(αn − β ′) + cos(αn − β ′) sinφs
)
+R1e1
[1
2
(
cos 2(αn − β ′)− 3
)
sinφs
+ cos(αn − β ′) cosφs sin θs sin(αn − β ′)
]
+
e21
4
R1 sin(αn − β ′)
[(
3 cos 2(αn − β ′)− 1
)
× cosφs sin θs − 6 cos(αn − β ′) sin(αn − β ′) sinφs
]
+R cos(α− β) + Re
2
(
cos 2(α− β)− 3)
− 3Re
2
2
cos(α− β) sin2(α− β) ,
yn(t) = R1
(
sinφs sin θs sin(αn − β ′)− cos(αn − β ′) cosφs
)−R1e1
[1
2
(
cos 2(αn − β ′)− 3
)
cosφs
− cos(αn − β ′) sinφs sin θs sin(αn − β ′)
]
+
e21
4
R1 sin(αn − β ′)
[(
3 cos 2(αn − β ′)− 1
)
× sin φs sin θs + 6 cos(αn − β ′) sin(αn − β ′) cosφs
]
+ R sin(α− β) + Re
2
sin 2(α− β)
+
Re2
4
(
3 cos 2(α− β)− 1) sin(α− β) ,
zn(t) = −R1 sin(αn − β ′) cos θs − R1e1 cos(αn − β ′) sin(αn − β ′) cos θs
− 1
4
e21R1
(
3 cos 2(αn − β ′)− 1
)
sin(αn − β ′) cos θs , (2)
where R1 = 1.0 × 105 km and e1 are the semi-major axis and the eccentricity
of the spacecraft orbit around the Earth; R = 1 AU and e = 0.0167 are the
semi-major axis and the eccentricity of the geocenter orbit around the Sun. The
normal of the detector plane formed by the spacecraft constellation points along
the direction of (θs = −4.7◦, φs = 120.5◦) which is the sky position of the reference
source RX J0806.3+1527 in the ecliptic coordinates. Here α(t) = 2pifmt + κ0 is the
mean ecliptic longitude of the geocenter in the heliocentric-ecliptic coordinate system,
fm = 1/(one sidereal year) = 3.14 × 10−8 Hz is the modulation frequency due to the
orbital motion around the Sun, and κ0 is the mean ecliptic longitude measured from
the vernal equinox at t = 0. β is the longitude of the perihelion. To obtain Eq. 2, we
have introduced the detector coordinate system (see details in Appendix A) in which
αn is defined as the orbit phase of the n-th spacecraft in the detector plane and β
′ is the
angle measured from the x˜ axis in Fig. A1 to the perigee of the spacecraft. As stated
in Appendix A, we have kept only up to the quadratic terms of the eccentricities e and
e1 here. Including higher order terms is straightforward.
Using Eq. 2, one can find that the instantaneous distance between the spacecraft i
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and j is
L12(t) =
√
3R1
[
1 +
e1
4
(
cos(κ− β ′)−
√
3 sin(κ− β ′))
+
e21
32
(
3
√
3 sin 2(κ− β ′)− 14 + 3 cos 2(κ− β ′))]+O(e31) ,
L13(t) =
√
3R1
[
1 +
e1
4
(
cos(κ− β ′) +
√
3 sin(κ− β ′))
− e
2
1
32
(
3
√
3 sin 2(κ− β ′) + 14− 3 cos 2(κ− β ′))] +O(e31) ,
L23(t) =
√
3R1
[
1− e1
2
cos(κ− β ′)− e
2
1
16
(
7 + 3 cos 2(κ− β ′))]+O(e31) , (3)
where κ(t) = 2pifsct + λ, fsc ≈ 1/(3.65 day) is the modulation frequency due to the
rotation of the spacecrafts around the guiding center, λ is the angle between the first
(n = 1) spacecraft and x˜ axis (see Fig. A1) at t = 0. We can see from Eq. 3 that to the
leading order of e1 the distance between two spacecrafts is
√
3R1 ≈ 1.7× 105 km which
is the fiducial arm length of TianQin [28]. Note that a smaller e1 is preferred to reduce
the arm length variation during the mission. For example, one need to set e1 < 0.05
when deploying the spacecraft in order to suppress the range rate of each arm below
15 m s−1 that is required by space interferometry [28].
Besides neglecting the higher order terms of the eccentricities, Eq. 2 has not yet
included the correction term εn(t).
3. Detector Response
3.1. Description of gravitational waves
The plane GWs in arbitrary waveform can be decomposed into a spectrum of
monochromatic waves with two independent polarizations, which can be expressed in
the source frame as
h(t, r) =
∫
+∞
−∞
df exp
(
i2pif(t− Ωˆ · r/c)
) ∑
A=+,×
h˜A(f)ǫ
A(Ωˆ) . (4)
Here i is the imaginary unit, Ωˆ is the unit vector pointing along the direction of GW
propagation and c is the speed of light. h˜A(f) (A ∈ {+,×}) are the Fourier transforms of
two GW polarizations. ǫA(Ωˆ) are the basis tensors, which are connected with the basis
tensors eA(kˆ) defined in observer’s frame via the polarization angle ψ in the standard
spin-2 rotation transformation [50]
ǫ
+(Ωˆ) = e+(kˆ) cos 2ψ − e×(kˆ) sin 2ψ ,
ǫ
×(Ωˆ) = e+(kˆ) sin 2ψ + e×(kˆ) cos 2ψ .
(5)
Here Ωˆ = −kˆ. eA(kˆ) can be formed by the unit vectors (pˆ, qˆ)
e+ = pˆ⊗ pˆ− qˆ ⊗ qˆ ,
e× = pˆ⊗ qˆ + qˆ ⊗ pˆ , (6)
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where ⊗ is the tensor product, pˆ and qˆ reside in observer’s plane of sky paralleling to the
tangent vectors of θ and φ in the heliocentric ecliptic coordinate system, respectively.
(pˆ, qˆ, kˆ) are orthonormal basis vectors which can be expressed as
pˆ = (cos θ cosφ, cos θ sin φ,− sin θ) ,
qˆ = (sinφ,− cosφ, 0) ,
kˆ = (sin θ cosφ, sin θ sinφ, cos θ) .
(7)
3.2. Detector response
For space-borne GW interferometer, the detector response, i.e. strain, is defined as the
time variation of the differential optical path length of the two arms divided by the
optical path length of one arm. Here, we adopt the rigid adiabatic approximation‡ [49]
to get the closed form of the strain output for the Michelson interferometer centered on
spacecraft i
hi(t) =
∫
+∞
−∞
df exp
(
i2pif(t− Ωˆ · ri/c)
) ∑
A=+,×
h˜A(f)F
A
i (t; kˆ, f) . (8)
Here FAi (t; kˆ, f) are called the antenna pattern functions which are generally functions
of source direction kˆ and GW frequency f . They are defined by [50]
FAi (t; kˆ, f) ≡ Di(t; kˆ, f) : ǫA(Ωˆ) , (9)
where the colon represents the double contraction of two rank-2 tensors, i.e., A : B =
AijB
ij. Di is the detector tensor of the interferometer centered on spacecraft i
Di(t; kˆ, f) =
1
2
[
rˆij(t)⊗ rˆij(t)T (rˆij(t), kˆ, f)− rˆik(t)⊗ rˆik(t)T (rˆik(t), kˆ, f)
]
, (10)
where i, j, k ∈ {1, 2, 3} and i 6= j 6= k. rˆij(t) is the unit vector points from spacecraft i
to spacecraft j. T is the transfer function which can be written as [51]
T (rˆij(t), kˆ, f) = 1
2
[
sinc
( f
2f∗
(1 + kˆ · rˆij (t))
)
exp
(− i f
2f∗
(3− kˆ · rˆij (t))
)
+ sinc
( f
2f∗
(1− kˆ · rˆij (t))
)
exp
(− i f
2f∗
(1− kˆ · rˆij (t))
)]
, (11)
where f∗ = c/(2piLij) is the transfer frequency. As we shall see in Sec. 3.3, in the
frequency region that f > f∗ the detector response starts to oscillate and decay that
partly cancel the GW effect in accord with the characteristics of T . T approaches
unity if f < f∗, such that the detector tensor becomes dependent only on the geometric
configuration of the interferometer. Note that f∗ is not a constant due to the variation
of the arm length induced by the breathing and flexing of the constellation.
‡ The term “adiabatic” indicates that we approximate the continuous motion of the spacecraft
constellation as a series of quasi-stationary state during the photon traveling time between two
spacecrafts (equivalently taking stroboscopic images of the constellation).
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We define a surrogate variable ξAi (t) = D
A
i (t; kˆ, f) : e
A(kˆ). For i = 1
ξ+1 (t; θ, φ) =
√
3
32
[
4 cos 2(κ− β ′)((3 + cos 2θ) sin θs sin 2(φ−φs) + 2 sin(φ−φs) sin 2θ cos θs)
− sin 2(κ− β ′)(3 + cos 2(φ−φs)(9 + cos 2θ(3− cos 2θs))+ 6 cos 2θssin2(φ−φs)
− 6 cos 2θcos2θs + 4 cos(φ−φs) sin 2θ sin 2θs
)]
, (12)
ξ×1 (t; θ, φ) =
√
3
8
[− 4 cos 2(κ− β ′)( cos 2(φ−φs) cos θ sin θs + cos(φ−φs) sin θ cos θs)
+ sin 2(κ− β ′)( cos θ(3− cos 2θs) sin 2(φs−φ) + 2 sin(φs−φ) sin θ sin 2θs)] .
The explicit expressions for ξ+,×2 and ξ
+,×
3 can be similarly obtained. Note that for
simplicity we have set e1 = 0 in Eq. 12, considering that ξ
+,×
i in expansion of e1 are
straightforward to derive but too lengthy to be shown here. Combining Eq. 5, Eq. 9
and ξ+,×i , we can get
F+i (t; θ, φ, ψ) = cos 2ψ ξ
+
i (t; θ, φ)− sin 2ψ ξ×i (t; θ, φ) ,
F×i (t; θ, φ, ψ) = sin 2ψ ξ
+
i (t; θ, φ) + cos 2ψ ξ
×
i (t; θ, φ) . (13)
3.3. Sensitivity curve
The noise budget for the key components of the TianQin detector has been given in [28].
The main ones are the position noise (optical path noise) rooted from the photon shot
noise at the measurement of laser phase by phasemeter and the acceleration noise rooted
from the initial sensor in the disturbance reduction system. The preliminary goal for
the amplitude spectral density (ASD) of these two noise sources are
√
Sx = 1 pm/Hz
1/2
for each position measurement and
√
Sa = 10
−15 m s−2/Hz1/2 for each interaction with
inertial sensor, respectively. These two noises can be essentially regarded as white in
the interested frequency range, except that the inherent 1/f noise will emerge from the
inertia sensor for f < 10−4 Hz.
The position noise from each phasemeter measurement is uncorrelated. Thus simply
summing over the power spectral density (PSD) contribution from each phasemeter in
the optical path gives the total PSD. The equivalent strain noise ASD
√
Sxn can be
obtained through dividing the total position noise ASD by the optical path length of
2L on one arm, which gives
Sxn =
(√
4Sx
2L
)2
=
Sx
L2
. (14)
The factor of four in the numerator is due to the fact that there are two phasemeter
measurements on each arm (one at the transmitting spacecraft, one at the responding
spacecraft) which add up to four measurements for the Michelson interferometer.
Similarly one can calculate the equivalent strain noise due to acceleration noise.
Note that the acceleration noise acts coherently on the incoming and outgoing laser,
which gives a combined 2
√
Sa for each inertial sensor on board of a spacecraft. There
are four contributions for an interferometer. Dividing the total acceleration noise ASD
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by (2pif)2 gives the equivalent position noise ASD, further dividing it by 2L gives the
equivalent strain noise ASD,
San =
( √
16Sa
(2pif)2 · 2L
)2
=
4Sa
(2pif)4L2
. (15)
Following [28] we have the ASD of the effective strain noise (in unit of 1/
√
Hz)
hn(f) =
1√
R(f)
[
Sxn + S
a
n
(
1 +
10−4 Hz
f
)] 1
2
, (16)
here the multiplier associated with San is owning to the 1/f noise of the inertial sensor.
The function R(f) is defined as follows [52],
R(f) =
∫
dkˆ
4pi
∑
A
FA
(
t; kˆ, f
)
FA
(
t; kˆ, f
)∗
, (17)
which is an all-sky average for the sum of squared amplitudes of the antenna pattern
functions. Note that the polarization angle ψ has been self canceled in the integrand.
Based on Eq. 14–17, the sensitivity curve, i.e., hn of TianQin is calculated and presented
in Fig. 2. The red dash line represents an analytic approximation of R(f) [52] which
is in a good agreement with the approximated sensitivity curve shown in Fig. 3 of
[28]. Under this approximation, the wiggles in f > f∗ originated from the sinc function
in T have been smoothed out. As we can see, the frequency of the sensitivity curve
can be divided into three regions: for f < 10−2 Hz the curve is determined by the
acceleration noise, such that the sensitivity is worsened as f−2 (according to Eq. 15);
for 10−2 Hz < f < f∗ ≈ 0.28 Hz, i.e., the flat bottom, the curve is determined by the
frequency independent position noise; for f > f∗ the curve is determined by R(f).
4. Signal Simulation
Taking the reference source, J0806.3+1527, as an example, we simulate of the strain
output from a single Michelson interferometer. The quadrupole formula provide the
lowest-order post-Newtonian GW waveform for a binary system [53]
h+(t) = A
(
1 + cos2 ι
)
cos Φ(t) ,
h×(t) = 2A cos ι sin Φ(t) . (18)
Here A = 2(GMc/c
2)5/3(pif/c)2/3/DL is the GW overall amplitude, Mc = 0.33 M⊙ (for
component masses of 0.5 M⊙ and 0.25 M⊙) is the chirp mass, DL = 0.5 kpc is the
luminosity distance, ι = pi/6 is the inclination angle between the line of sight and the
binary orbital axis, Φ (t) is the GW phase. For a space-based detector moving about
the Sun, the GW phase can be given by [49]
Φ(t) = 2pift+ 2pif(R/c) cos θ cos(2pifmt− φ) + ϕ0 , (19)
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f (Hz)
10-4 10-3 10-2 10-1 100 101
h n
 
(H
z-1
/2
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10-20
10-19
10-18
10-17
10-16
Figure 2. Sensitivity curve of TianQin. The blue solid line is the numerical evaluation of Eq. 16
over the interested frequency range. The red dash line is obtained from an analytic approximation.
The two lines overlap for f < f∗ ≈ 0.28 Hz.
where ϕ0 is the initial GW phase at the start of observation, f = 6.22 mHz is the GW
frequency of the reference source, R = 1 AU, and (θ, φ) are the ecliptic coordinates of
the source. h+,× are calculated based on the physical parameters of the source in [44].
Here we ignore the evolution of f due to the GW emission from this system. The length
of the simulation is one year.
f (Hz) ×10-3
6.205 6.21 6.215 6.22 6.225 6.23 6.235
h f
 
 
(H
z-1
/2
)
×10-19
0
1
2
3
4
5
6
7
×10-3
6.224 6.226 6.228
×10-19
0
2
4
t (s) ×107
1 1.02 1.04 1.06 1.08
h
×10-22
-5
0
5
10
×107
1.0059 1.006
×10-22
-2
0
2
Figure 3. Left panel: Clip of the one-year noiseless time series of the strain output of a Michelson
interferometer for GWs from the reference source. The inset zooms in of the data segment within
the double dash lines. Right panel: ASD of the time series. The inset zooms in the right horn.
Shown in the left panel of Fig. 3 is the strain output data for about 11 days from
one of the Michelson interferometers. The inset presents the sinusoidal signal of several
cycles within the double dash lines. One can see that the overall amplitude (envelope)
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of the signal is modulated by the antenna pattern being swept across the sky. The
amplitude modulation frequency is 4fsc ≈ (0.9 day)−1, which follows the quadrupole
characteristics of F+,×i in Eq. 13.
The phase of the signal is also modulated. This modulation is mainly caused by
the differing time dependency of F+,×i which tunes the relative contribution of the two
GW polarizations. In addition, phase modulation can also arise from the binary orbit
axis precession, in which case the time-varying inclination angel ι alters the relative
contribution. However, the orbital precession in general is negligible for white-dwarf
binaries, therefore we do not consider this effect in the simulation.
Given in the right panel is the ASD hf of the signal. It displays two horns, of
which the centers are separated by about 1.3×10−5 Hz. This separation approximately
equals to the modulation frequency of 4fsc due to the antenna pattern functions. In
other words, one can regard the signal amplitude modulation as a beat of two sinusoidal
signals represented by the individual horns. The inset enlarges the horn on the right.
The broadening of individual horn mainly results from the Doppler modulation of
the detector’s motion around the Sun. From Eq. 19, we find that, for this case,
∆f/f ≤ 2pifm(R/c) ≈ 10−4, which makes ∆f ∼ 6× 10−7 Hz.
5. Conclusion and Discussions
TianQin is a space-based laser interferometric gravitational wave detector aimed at
detecting GWs in the low frequencies. It is formed by three drag-free spacecrafts orbiting
around the Earth in an equilateral triangular constellation. The distance between a
spacecraft and the center of the Earth is approximately 105 km. In this paper we
provided the approximated analytic expressions for the coordinates of spacecraft’s orbit
in the heliocentric-ecliptic coordinate system. These expressions are sufficiently accurate
and computationally efficient for the purpose of studying the scientific potential that
can be enabled by TianQin as well as demonstrating and advancing the effectiveness
of the data analysis techniques for various classes of GWs, such as compact white-
dwarf binaries in the Galaxy, supermassive black hole binaries and extreme-mass-ratio
insprirals (EMRIs), in a manner that is similar to the mock LISA data challenge [54].
Based on this analytic orbit we calculated the detector response of a single
Michelson interferometer to plane GWs in arbitrary waveform. An example strain
output for GWs from the reference white-dwarf binary is given which can be taken
as the input of subsequent data analysis pipelines. Further investigations on simulating
TDI data combinations and the associated sensitivities are currently in progress along
with the development of the data analysis techniques that must content with it.
So far, the expression of the orbit does not include the perturbations from
high order moments of the Earth, the Sun, the moon, planets, large asteroids, etc.
The refinement of the coordinates and the numerical optimization of the orbit using
numerical ephemerides [55] to reduce the arm length variation and range rate for
TianQin will be subjected to our future work. One approach of refining coordinates
Fundamentals of the orbit and response for TianQin 12
is to replace the initially selected values of the Keplerian orbit elements and the other
variables used in Eq. 2 by the time-dependent values that are (perhaps piecewise) fitted
from the numerical integration of the orbit. Initial investigation shows that, for example,
θs and φs display both secular and periodic behaviors that represent the wobbling of
the detector plane around the initial direction within several degrees during the mission
lifetime. εn(t) in Eq. 1 will contain the residual coordinates after the fit. The alternative
approach, which is through a brutal-force, is to use the numerical orbit directly. For
this case, one needs to interpolate the numerical orbit with Legendre polynomials. This
is owning to that the typical time step size adopted in the numerical integration of the
orbit (> 10−3 day) is much larger than the sampling time of the detector output (< 1
sec). Due to computational cost, this approach can be considered in a more matured
stage of the system simulation when the highest accuracy is required. For the numerical
integration of the orbit, the analytic coordinates can be used as a guidance for setting
the initial values of spacecraft position and velocity. With the more accurate orbit, we
can refine the simulations of the response and detector output presented in this paper.
The current work serves as our first step towards building a system-wide end-to-end
model for TianQin. Work to integrate realistic noise components rooted from different
subsystems, interplanetary and relativistic effects on the optical path, etc. will be
subjected to our future study.
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Figure A1. Schematic of the detector coordinate system {x˜, y˜, z˜} and the geocentric-ecliptic
coordinate system {x′, y′, z′}. x˜ and y˜ axes point toward the descending node and the lowest
point of the detector plane relative to the ecliptic plane, respectively. z˜ axis points toward the
orbital angular momentum of spacecraft which is along the direction of the reference source
(φs, θs). {x′, y′, z′} are respectively parallel to the {x, y, z} in the heliocentric-ecliptic coordinate
system shown in Fig. 1. Dot lines represent the optical links between each pair of spacecrafts.
Appendix A. The coordinates of the TianQin spacecraft
We start with the Cartesian coordinates for the guiding center of the spacecraft
constellation, i.e., the geocenter, in the heliocentric-ecliptic coordinate system,
X = r cos γ ,
Y = r sin γ ,
Z = 0 ,
(A.1)
where γ is the true anomaly, r is the Keplerian radius
r =
R(1− e2)
1 + e cos γ
. (A.2)
Here R = 1 AU, e = 0.0167 is the eccentricity of the Earth orbit. The relation between
γ and the eccentric anomaly ψ is
tan
γ
2
=
√
1 + e
1− e tan
ψ
2
, (A.3)
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and the relation between ψ and the mean anomaly M is
ψ − e sinψ =M = 2pifm(t− τ). (A.4)
In the second equality, M is expressed in terms of the geocenter orbit modulation
frequency fm = 1/(one sidereal year) = 3.14 × 10−8 Hz and the passing time of the
perihelion τ . In practice, it is more convenient to express ψ by the mean orbital ecliptic
longitude α(t), which is
ψ − e sinψ = α(t)− β , (A.5)
where α(t) = 2pifmt + κ0, κ0 is the mean ecliptic longitude measured from the vernal
equinox at t = 0, and β is the angle measured from the vernal equinox to the perihelion
(see Fig. 1). Eq. A.5 is a transcendental equation which is usually solved by iterative
method. Given e≪ 1, ψ can be iteratively expended up to any order of e, the expression
to the second order is given by
ψ = α− β + e sin(α− β) + e2 cos(α− β) sin(α− β) + O(e3) . (A.6)
Next, inserting Eq. A.6 into Eq. A.3, we find the expression of γ in terms of α − β up
to the second order of e
γ = α− β + 2e sin(α− β) + 5
2
e2 cos(α− β) sin(α− β) + O(e3) . (A.7)
The coordinates of the geocenter can be obtained by substituting Eq. A.2 and Eq. A.7
into Eq. A.1, which are
X(t) = R cos(α− β) + 1
2
eR
(
cos 2(α− β)− 3)− 3
2
e2R cos(α− β) sin2(α− β) + O(e3) ,
Y (t) = R sin(α− β) + 1
2
eR sin 2(α− β) + 1
4
e2R sin(α− β)(3 cos 2(α− β)− 1)+O(e3) ,
Z(t) = 0 . (A.8)
In the detector plane spanned by x˜ and y˜ axes shown in Fig. A1, each spacecraft
revolves around the geocenter in a Keplerian orbit. We follow the same procedure as
above to obtain its analytic coordinates in the detector coordinate system {x˜, y˜, z˜}. For
the n-th (n = 1, 2, 3) spacecraft
x˜n(t) = R1 cos(αn − β ′) + 1
2
e1R1
(
cos 2(αn − β ′)− 3
)− 3
2
e21R1 cos(αn − β ′)sin2(αn − β ′) + O(e31) ,
y˜n(t) = R1 sin(αn − β ′) + 1
2
e1R1 sin 2(αn − β ′) + 1
4
e21R1 sin(αn − β ′)
(
3 cos 2(αn − β ′)− 1
)
+O(e31) ,
z˜n(t) = 0 . (A.9)
Here e1 is the eccentricity and R1 = 1.0×105 km is the semi-major axis of the spacecraft
orbit. The spacecraft orbit phase αn is
αn(t) = 2pifsct+ κn , (A.10)
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where κn =
2pi
3
(n − 1) + λ, λ is the initial orbit phase of the first (n = 1) spacecraft
measured from x˜ axis. fsc ≈ 1/(3.65 day) is the modulation frequency due to the
rotation of the detector around the guiding center. β ′ is the angle measured from the x˜
axis to the perigee of the spacecraft orbit.
According to the relation illustrated in Fig. A1, we translate the coordinates
{x˜n, y˜n, z˜n} in the detector coordinate system into the geocentric-ecliptic coordinate
system. This can be done by applying two rotation matrices as below


x
′
n
y
′
n
z
′
n

 =


sin φs cosφs 0
− cosφs sinφs 0
0 0 1




1 0 0
0 sin θs cos θs
0 − cos θs sin θs




x˜n
y˜n
z˜n

 . (A.11)
Here φs = 120.5
◦ and θs = −4.7◦ are the ecliptic longitude and latitude of the reference
source J0806.3+1527, respectively. Explicitly, the coordinates of the n-th spacecraft in
the geocentric-ecliptic coordinate system can be written as
x′n(t) = R1
(
cosφs sin θs sin(αn − β ′) + cos(αn − β ′) sinφs
)
+R1e1
[1
2
(
cos 2(αn − β ′)− 3
)
sinφs
+ cos(αn − β ′) cosφs sin θs sin(αn − β ′)
]
+
e21
4
R1 sin(αn − β ′)
[(
3 cos 2(αn − β ′)− 1
)
× cosφs sin θs − 6 cos(αn − β ′) sin(αn − β ′) sinφs
]
+O(e31) ,
y′n(t) = R1
(
sinφs sin θs sin(αn − β ′)− cos(αn − β ′) cosφs
)
+R1e1
[
− 1
2
(
cos 2(αn − β ′)− 3
)
cosφs
+ cos(αn − β ′) sinφs sin θs sin(αn − β ′)
]
+
e21
4
R1 sin(αn − β ′)
[(
3 cos 2(αn − β ′)− 1
)
× sin φs sin θs + 6 cos(αn − β ′) sin(αn − β ′) cosφs
]
+ O(e31) ,
z′n(t) = −R1 sin(αn − β ′) cos θs − R1e1 cos(αn − β ′) sin(αn − β ′) cos θs
− 1
4
e21R1
(
3 cos 2(αn − β ′)− 1
)
sin(αn − β ′) cos θs +O(e31) . (A.12)
Finally, the coordinates of the spacecraft in Eq. 2 can be easily found by adding
Eq. A.8 and Eq. A.12 together. Note that we have only kept up to the second order of
e and e1. Higher order terms can be straightforwardly obtained.
